that M c is a projective symplectic variety with terminal singularities. In the preprint version of [O] : math.AG/9708009, he constructed a projective resolutionπ :M c → M c . Let N 1 (M c /M c ) be the R-vector space ofπ-numerical classes of 1-cycles l onM c such thatπ(l) = point. Then
for effective 1-cyclesǫ c ,σ c andγ c (ibid. Section 3). On the other hand, Exc(π) consists of three prime divisorsΩ c ,Σ c and∆ c (ibid. Section 3). This implies that M c is Q-factorial. In fact, let D be a prime divisor of M c and let D ′ be its proper transform onM c . By the observation above, we can find a i ∈ Q (i = 1, 2, 3) such that D ′′ := D ′ + a 1Ωc + a 2Σc + a 3∆c isπ-numerically trivial. Since M c has only rational singularities, there is a positive integer m such that mD ′′ is linarly equivalent to the pull-back of a Cartier divisor E of M c . Then mD is linearly equivalent to E. More generally, for a K3 surface or an Abelian surface, almost all moduli spaces of semi-stable sheaves with nonprimitive Mukai vectors are Q-factorial projective symplectic varieties [K-L-S] . Applying Main Theorem to these moduli spaces, we conclude that any deformation of them are locally rigid; in particular, they have no smoothing via deformations.
In the final section, we shall apply Main Theorem to get the following remarkable results. 
Proof of Main Theorem
(i) Q-factoriality: A normal variety Z is called Q-factorial if, for any Weil divisor D of Z, mD is a Cartier divisor of Z for some positive integer m. Assume that Z is a projective variety with rational singularities. Let ν :Z → Z be a resolution such that the exceptional locus consists of finite number of divisors
(ii) Terminal singularity: We recall the definition of a terminal singularity. Assume, for simplicity, that Z is a normal Gorenstein variety with canonical divisor K Z . We say that Z has only terminal (resp. canonical) singularities if, for a resolution ν :Z → Z such that the exceptional locus consists of finite number of divisors
with a i > 0 (resp. a i ≥ 0) for all i. Let Σ ⊂ Z be the singular locus. If Z has only terminal singularities, then we have codim(Σ ⊂ Z) ≥ 3 (cf. [Re] ). But if, in addition, Z is a symplectic variety, then we have codim(Σ ⊂ Z) ≥ 4 by [Na 2] , [K] . Conversely, if Z is a symplectic variety with codim(Σ ⊂ Z) ≥ 4, then Z has only terminal singularities [Na 2] .
(iii) Assume that Z is a Q-factorial projective symplectic variety with terminal singularities. By (ii), codim(Σ ⊂ Z) ≥ 4, where Σ := Sing(Z). For n ≥ 0, we put A n := C[t]/(t n+1 ) and S n := SpecA n . Suppose that Z n → S n is an infinitesimal deformation of Z over S n . We put U n := Z n | U . Define T Zn/Sn := Hom(Ω Zn/Sn , O Zn ).
Lemma 1. The natural map
Proof. It suffices to show that the map
is the zero map. Take a point p ∈ Σ. Let Z(p) be a small Stein open neighborhood of p ∈ Z and set U(p) := Z(p) ∩ U. We put Z n (p) := Z n |Z(p) and U n (p) := U n |U(p). We prove that
is the zero map. Since Z is Cohen-Macaulay and codim(Σ ⊂ Z) ≥ 3, by 12.5.6 ], one has
Since the symplectic 2-form ω extends to
Un/Sn ) by [Na] , we can identify T Un/Sn with Ω 1 Un/Sn by this relative 2-form. Now we only have to prove that
Un(p)/Sn ) is the zero map. Let us consider the Hodge spectral sequences
where A n is the constant sheaf with coefficient A n . In the latter spectral sequence, we have a decreasing filtration 0 ⊂ F
Un/Sn ). On the other hand, the first spectral sequence degenerates at E 1 terms for i + j = 2 (cf. [Na 1], Lemma 2.7) because codim(Σ ⊂ Z) ≥ 4. Hence, for the decreasing filtration F · of
Un/Sn ). Now look at the natural restriction map
This map preserves the filtrations {F · } and {F · loc }; hence it induces a map
By the commutative diagram
Un/Sn ) we only have to prove that the map ι(p) is the zero map. Take a resolution
Here note that
, where E i are exceptional divisors of ν. Therefore, the composite
is the zero map. On the other hand, the map
Let us start the proof of Main Theorem. Let A be an Artinian local C algebra and put
as a sub-functor of the usual deformation functor D of Z. One can check that D lt has a pro-representable hull (R lt , Z R lt ) in the sense of Schlessinger [Sch] . Here R lt is a complete local C algebra and Z R lt is a certain projective system of infinitesimal deformations of Z. Moreover, by the definition of D lt , one can construct R lt as a suitable quotient of the hull R of the usual deformation functor D. D has T 1 -lifting property as noted in [Na] . Hence, by Lemma 1, we see that D lt also has T 1 -lifting property. This implies that R and R lt are both complete regular local ring over C. Since their tangent spaces coincide again by Lemma 1, we conclude that R ∼ = R lt . This implies that any flat deformation of Z is locally trivial. 
Proof. Denote by (T, 0) the Kuranishi space of Y and let p : Y → T be the semi-universal family over T . By [Na 1], Proposition (2.5), T is smooth. Take a projective resolution π :Ỹ → Y. For a general t ∈ T , π t :Ỹ t → Y t is a resolution. Note thatỸ t is not, in general, a projective variety, but a Kaehler manifold. We shall prove that one can deform Y t further to a variety Y t ′ so that it contains no curves. Since there is a map of Kuranishi spaces h * : T → Def(Z), one has a birational morphism Y t ′ → Z h * (t ′ ) . But, Y t ′ does not have any curve; hence this birational morphism should be an isomorphism (cf. [Na 1], claim 3, p. 618). Since Y t has only rational singularities, the natural map
Hence H 2 (Y t , C) admits a pure Hodge structure of weight 2 [Na] . Let
be the Hodge decomposition. There is an injective morphism of Hodge struc-
Here we regard H 2 (Y t , C) as a subspace of H 2 (Ỹ t , C).
Claim 1. Every element of V t is of type (n − 1, n − 1).
Proof. If we put
) for the Serre pairing
The familiesỸ → Y → T induces the Kodaira-Spencer maps
. By this identification, the map d coincides with the restriction map
A symplectic 2-form on Y t extends to a holomorphic 2-form oñ Y t . By this 2-form, we have a map
). We put
Proof. Let us consider the composite
By the symplectic 2-form, we identify H 1 (U t , Θ Ut ) with H 1 (U t , Ω 1 Ut ). Then the composite above coincides with the Kodaira-Spencer map ρ Yt , which is surjective.
Look at the pairing
Claim 3. In the pairing above, (T 1 , V t ) = 0.
, take the corresponding infinitesimal deformationỸ t,ǫ → SpecC [ǫ] . Choose an element l ∈ H 2n−2 (Ỹ t , C) of type (n − 1, n − 1). Then (ζ, l) is an obstruction for the class l to remain of type (n − 1, n − 1) under the infinitesimal deformation. Now the claim follows from Claim 1 and the fact that R 2 p * C Y is a local system on T (cf. [Na] ).
Since T 2 is the image of T 1 by the map
), we have < T 2 , V t >= 0 by the commutative diagram of the pairing maps:
Note that codim(V t ⊂ H n−1,n−1 (Ỹ t )) = h 1,1 (Y t ). On the other hand, since
[Na]), we see, by Claim 2, that T 2 = (V t ) ⊥ with respect to the pairing < , > above. Now let C be a connected curve onỸ t such that π t (C) is not a point.
we see that [C]
⊥ ∩ T 2 is a codimension 1 subspace of T 2 by the perfectness of < , >. In particular, we can find an element ζ ∈ T 1 such that (ζ, [C]) = 0. The (n − 1, n − 1) classes of curves onỸ t constitute a countable subset of H n−1,n−1 (Ỹ t ). Hence, if we take a generic deformationỸ t ′ ofỸ t , then any holomorphic curve C onỸ t ′ is π t ′ -exceptional for π t ′ :Ỹ t ′ → Y t ′ , that is, π t ′ (C) is a point. Now the variety Y t ′ has no holomorphic curves. In fact, if there is a curve C, then one can find a curve D onỸ t ′ such that π t ′ (D) = C, which is a contradiction.
Let h : Y → Z be a Q-factorial terminalization of a projective symplectic variety Z. We put Σ := Sing(Z). There is a closed subset Σ 0 of Σ with codim[Σ 0 ⊂ Z] ≥ 4 such that Z is locally a trivial family of a rational double point along Σ \ Σ 0 . In the remainder, we put U := Z \ Σ 0 and V := Y \ Sing(Y ). Note that h −1 (U) ⊂ V . We denote by n the dimension of Z. In this situation, we have the following generalization of [Na 1], Proposition (2.1).
Proposition 2. There is a commutative diagram
, where horizontal maps are both isomorphisms.
Proof. In the diagram, each space corresponds to the set of first order deformations of Y , h −1 (U), Z or U, respectively. A first order deformation of Y (resp. h −1 (U)) induces that of Z (resp. U)(cf. [Na 1], p.614). Each vertical map is nothing but this correspondence. On the other hand, the horizontal maps are natural ones induced by the restriction. The second horizontal map (at the bottom) is an isomorphism by [Ko-Mo, 12.5.6] because codim(Σ 0 ⊂ Z) ≥ 3 and Z is Cohen-Macaulay. By the same reason,
We only have to prove that the first horizontal map is an isomorphism. Set F := Y \ h −1 (U) and F 0 := V \ h −1 (U). Note that dim F ≤ n − 2 since h is a crepant partial resolution of a symplectic variety ([Na 1], Corollary (1.15); see also [Na 2] , footnote, p.1). Let us consider the exact sequence of cohomology with coefficient C
Then the dual of this sequence coincides with the exact sequence of cohomology with compact support:
induced by the exact sequence (cf. [Ha, II, Ex.1.19(c) 
Here we have H 2n−3 c
(F 0 ) = 0. In fact, the first terms and the third terms of the next exact sequences vanish (cf. [L] ) since dim C F ≤ n − 2 and dim C (F \ F 0 ) ≤ n − 3:
As a consequence, the map
is an isomorphism. Moreover, this is a morphism of mixed Hodge structures. Since Y is a symplectic variety with terminal singularities, codim(Sing(Y ) ⊂ Y ) ≥ 4; hence H 2 (V ) is equipped with a pure Hodge structure of weight 2 with Gr
e-print version math.AG/0010114 of [Na] , footnote at p.21). Let us examine the mixed Hodge structure on H 2 (h −1 (U)). Let ν :Ỹ → Y be a projective birational morphism from a non-singular varietyỸ to Y such that ν −1 (h −1 (U)) ∼ = h −1 (U) and such that Exc(h • ν) is a normal crossing variety ofỸ . We put
). Let us consider the exact sequence of local cohomology
The first term and the fourth term both vanish. This follows from the same argument as the proof of [Na 1], Proposition (2.1): by [Na 1, claim 2, p.616],
Then by taking the duals of the first term and the fourth term, we get the conclusion since codim(Σ 0 ⊂ Z) ≥ 4 (cf. [Na 1, p.615] ). As a consequence, we see that
Since the natural map
coincides with the map
we conclude that it is an isomorphism. Finally, by the symplectic 2-form on V , this map is identified with (2) ⇒ (1): This is nothing but Proposition 1.
